We consider two problems about Kolmogorov widths of compacts in Banach spaces. The first problem is devoted to relations between the asymptotic behavior of the sequence of n-widths of a compact and of its projections onto a subspace of codimension one. The second problem is devoted to comparison of the sequence of n-widths of a compact in a Banach space Y and of the sequence of n-widths of the same compact in other Banach spaces containing Y as a subspace.
Introduction
Our terminology and notation of Banach space theory follows [3] . We denote the closed unit ball of a Banach space Y by B Y , the unit ball of n p by B n p , and the norm closure of a set M ⊂ Y by M. Let Z be a subset of a Banach space X and x ∈ X. The distance from x to Z is defined as dist(x, Z) = inf{||x − z|| : z ∈ Z}. Definition 1.1. Let K be a subset of a Banach space X, n ∈ N ∪ {0}. The Kolmogorov n-width of K is given by
where the infimum is over all n-dimensional subspaces. We use d n (K) instead of d n (K, X) if X is clear from context. This notion was introduced by Kolmogorov [6] in 1936. It has been a subject of an extensive study and has found many applications. See [7] , [11] , and [14] for information on the Kolmogorov n-width. In [9] it was discovered that some general asymptotic properties of Kolmogorov widths are useful in the study of closures of sets of operators in the weak operator topology. The purpose of this paper is to continue analysis of asymptotic properties of widths.
One of the results on asymptotic properties of widths proved in [9, Lemma 3.3 ] is the following: Lemma 1.2. Let K be a bounded subset in a Banach space X.
where L is a closed linear subspace in X which does not contain K, then there exists a constant
In view of possible applications in the spirit of [9] it is important to find out whether one can prove a version of Lemma 1.2 for projections. In this connection we consider the following problem: Let K be a compact in a Banach space X such that X = lin(K). Let K 0 = P(K), where P is a bounded linear projection of X onto its subspace of codimension one. Does there exists 0 < C < ∞ such that d n (K 0 , X) ≤ Cd n+1 (K, X) for all n ∈ N ∪ {0}? The first purpose of this paper is to answer this problem in the negative. Our example is an infinite-dimensional ellipsoid in a Hilbert space. Definition 1.3. A set K of the form A(B H 0 ), where A is an infinite-dimensional bounded compact operator from a Hilbert space H 0 to a Hilbert space H, is called an
There exists a lacunary ellipsoid K with dense linear span in a Hilbert space H and an orthogonal projection P : H → H with one-dimensional kernel such that there exists 0 < C < ∞ for which d n (K, H) ≤ Cd n (P(K), H).
Since for a lacunary ellipsoid K there is no 0 < C < ∞ such that d n (K, H) ≤ Cd n+1 (K, H), Theorem 1.4 answers the mentioned problem in the negative. Theorem 1.4 is proved in Section 2.
Another problem considered in this paper is related with the following well-known observation: there exist a Banach space X, its closed subspace Y, and a subset K ⊂ Y such that for some n the strict inequality
holds. Examples of this type can be found in [1] , [7, p. 446, Problem 10.3] , [11, pp. 10 and 35], and [14] . Observe that the non-strict inequality in (1) follows immediately from the definition and holds for all triples K ⊂ Y ⊂ X. Let K be a compact in a Banach space X and let Y = linK. We consider the following problem: How small in comparison with d n (K, Y) can d n (K, X) be? Using Kashin's decomposition (see [4] , [13] ) we obtain the following result (proved in Section 3): Theorem 1.5. For each n the Banach space
n for some absolute constant c > 0. Theorem 1.5 shows that the sequence {d n (K, X)} n depends heavily on the ambient Banach space. In this connection it is natural to recall a notion introduced in [2, §2]: Definition 1.6. Let K be a compact in a Banach space Y and n ∈ N. The n-th absolute width d a n (K) of K is defined by d a n (K) = inf X d n (K, X), where the inf is over all Banach spaces X containing Y as a subspace.
In Section 4 we use Theorem 1.5 to establish one asymptotic property of d a n . It is worth mentioning that some aspects of the natural problem: Given a compact K in a Banach space Y, evaluate/estimate numbers {d a n (K)}, were considered in [5] and [8] .
Asymptotic properties of widths of quotients
Proof of Theorem 1.4. Let {e i } be the unit vector basis in H, {β i } be a sequence satisfying β i ≥ β i+1 > 0, and let
a i e i be a unit vector (||v|| = 1) and let P be an orthogonal projection in H whose kernel is the linear span of v, so Px = x − x, v v. Desired properties of sequences {β i } and {a i } will be described later. It is well-known that d n (K) = β n+1 (see [7, p. 401 
]).
The well-known results on widths (see [7, Chapter 13 , §5]) imply that in order to prove the theorem it suffices to show that for suitable {β n }, {a n }, and c > 0 we have inf{||Px|| : x ∈ S n } ≥ cβ n , where
Since β n+1 = d n (K) and we are looking for a lacunary ellipsoid, we require that {β n } satisfies lim inf n→∞ (β n+1 /β n ) = 0.
To simplify the computation, we are going to prove that inf{||Px|| : x ∈ R n } ≥ cβ n for
Denote by v(n) the orthogonal projection of v onto the subspace E n spanned by the first n vectors of {e i }. We have
Let x = w + ze n ∈ R n , where w is the orthogonal projection of x to E n−1 . Then
and x, v = w, v(n − 1) + za n . Therefore
We denote the first two summands in the last line by B 2 and C 2 , respectively. We show that for a suitable choice of the sequence {a n } there is a constant 0 < d < 1 which does not depend on n and is such that 2||w||||v(n − 1)||za n ≤ 2dBC.
Assume that we have shown (3). Then we get
n /2. In the former case we get
and we are done if we assume that the sequences {β n } and {a n } are selected in such a way that
In the latter case we have
if we assume that a 2 n ≤ 1 2 for all n. It remains to establish (3) . Analysis of this inequality shows that we need to prove
but this follows from the obvious inequality ||v(n − 1)|| 2 ≤ (1 − a 2 n ) and the observation that we can select {a n } in such a way that
This can be done because 1 − ||v(n − 1)|| 2 = a 2 n + a 2 n+1 + . . . , and we may select the sequence {a n } in such a way that, for example, a . Now we choose {β i } satisfying β i ≥ β i+1 > 0, lim inf n→∞ (β n+1 /β n ) = 0, and (4). It is clear that such choice is possible and that with these choices all steps of our argument work.
Dependence of widths on the ambient Banach space
Proof of Theorem 1.5. It is well-known and is easy to see that the unit ball B The celebrated result of Kashin [4] (see also [13] and [12, Chapter 6] ) states that there is an absolute constant A and a (2n)-dimensional subspace Y 2n of 3n 1 such that
2 , so that Y 2n is A-isomorphic to a Hilbert space. We let P n be an orthogonal projection onto Y 2n and K n = P n (B 3n 1 ). Since the kernel of P n is n-dimensional, it follows that d n (K n , 1 . We need to show that ||QP n e j || 3n 2 ≥ c 1 for some j ∈ {1, . . . , 3n}.
Let
be an orthonormal basis of E ⊥ n . Then
f i , e j e j .
Therefore 3n
j=1 f i , e j 2 = 1 and
This implies that there is j ∈ {1, 2, . . . , 3n} such that
and this inequality means that ||QP n e j || ≥
Remark 3.1. Later we shall need a slight generalization of the statement proved above: the set K n contains 3n vectors {P n e i } 3n i=1 such that for each orthogonal projection Q with rank ≥ αn (0 < α < 1) on Y 2n endowed with the norm whose unit ball is
1 ∩ Y n there is j ∈ {1, . . . , 3n} such that ||QP n e j || ≥ αn 3 .
Absolute widths
We start by mentioning the observed in [2, §2] fact that there exists a wide class of compacts K for which their widths in lin(K) is the same as their absolute widths. Examples can be constructed in the following way. Let Y be an arbitrary infinitedimensional Banach space. Let {Z n } ∞ n=1 be a family of subspaces of Y satisfying dim Z n = n and Z n ⊂ Z n+1 , let B n be the unit ball of Z n and let {t n } be a decreasing sequence of positive numbers with lim n→∞ t n = 0. Consider the compact
Then d n (K, X) = t n+1 for each n ∈ N and each Banach space X containing Y as a subspace. The estimate from above follows from K ⊂ Z n + t n+1 B X . The estimate from below is an immediate consequence of [ , such that
be an increasing sequence of positive integers satisfying
We represent H as
. We define E i : The well-known argument [10, Proposition 1] implies that to complete the proof of the theorem it suffices to find a compact K ⊂ H such that lim inf
We let K n i ⊂ Y 2n i be the compacts P n i (B 
, where H i is considered as a subset of H and {α i } is a converging to zero sequence of positive real numbers satisfying
To complete the proof of the theorem it suffices to show:
(
√ n k+1 α k+1 .
To prove (1) we consider the p-dimensional space
To prove (2) assume the contrary. Then for some k there is a p k -dimensional subspace A p ⊂ H such that K ⊂ A p + c √ n k+1 α k+1 B H , where c < . The inequality (6) implies that dim Z ⊥ p = 2n k+1 − p ≥ 1 2 n k+1 . By Remark 3.1 there is a vector z ∈ α k+1 H k+1 such that ||Qz|| ≥ 1 √ 6 α k+1 √ n k+1 . We arrive at a contradiction.
In connection with the examples presented in this section we suggest the following problems: 
